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Abstract: Recently the effective action for the 4-point functions in abelian open superstring theory
has been derived, giving an explicit construction of the bosonic and fermionic terms of this infinite
α′ series. In the present work we generalize this result to the nonabelian case. We test our result,
at α′
3
and α′
4
order, with several existing versions for these terms, finding agreement in most of
the cases. We also apply these ideas to derive the effective action for the 4-point functions of the
NS-NS sector of closed superstring theory, to all order in α′.
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1. Introduction
The subject of the string α′ corrections to the Maxwell and Yang-Mills lagrangians, in its bosonic
as well as in its supersymmetric generalization, began a long time ago. The first striking result
consisted in the discovery of the Born-Infeld lagrangian [1] as describing the abelian effective theory
of interacting open massless strings [2]. This result contains the infinite α′ series of corrections to
the Maxwell lagrangian, but it does not include the derivative terms of the series. Since then, the
nonabelian α′
2
F 4 terms [3, 4] the nonabelian α′
3
D2F 4 terms [5]1 and the abelian α′
4
∂4F 4 terms
[6] were determined, among other things. All these results were derived using the σ-model or the
scattering amplitude approach.
In the last decade new interest arose in this subject since the discovery that the low energy dy-
namics of open superstrings captured an equivalent description in terms of D-branes [7]. Some
time afterwards, the supersymmetric generalization of the Born-Infeld lagrangian was constructed
[8, 9, 10, 11].
Up to now, including the previous results in [2] and [11], infinite α′ series for low energy effective
actions have only been obtained in the abelian case [12, 13]. Besides the attempt of proposing a
1This work also included some partial information of the α′3F 5 terms.
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symmetrized trace prescription as a nonabelian generalization of the Born-Infeld lagrangian [14], in
the nonabelian case an analogue result is not known and all the information that has been derived
is strictly perturbative in α′. In this context, the scattering amplitude approach has been used
to derive boson-boson, boson-fermion and fermion-fermion terms of the effective action which are
only quartic in the fields [15, 16], since the general wisdom of scattering amplitudes in string theory
has traditionally gone up to 4-point amplitudes [17] only. Indeed, a complete 5-point amplitude
has only been derived for the open superstring in the past year [18]2. It has been used to confirm
not only the nonabelian α′
3
D2F 4 terms, but also the nonabelian α′
3
F 5 terms [19], in which some
controversy went on [5, 20, 19].
In the last three years, several successful methods arose as an alternative way to derive the α′
corrections to the Super Yang-Mills (SYM) lagrangian. This includes: the determination of the
1-loop effective action for N = 4 SYM [20, 21]; the requirement of certain BPS solutions to the
deformed equations of motion [22, 19, 23]; the supersymmetric deformations to the SYM and the
Super Maxwell lagrangians [24, 25] and the construction of supersymmetric invariants by different
superspace techniques [26, 27, 28]. Some of these methods were even used up to α′
4
level [23, 28],
but in spite of their success in reproducing the open superstring effective action, all of them required
in some moment some knowledge of the superstring 4-point amplitudes, to fix some undetermined
coefficients.
Recently a new type of infinite α′ series contribution to the effective action has been derived [29].
It consists in the determination of the abelian supersymmetric terms which are sensible to 4-point
amplitudes, at any order in α′.
In the present work we generalize this previous result to the nonabelian case. The infinite α′ correc-
tions to the SYM action basically consists in a succession of nonabelian four field terms, all derived
from the correponding ones in the O(α′2) SYM invariant [26, 27] by taking appropriate derivatives
to it, in direct analogy to the construction in [29].
We also include in this work the 4-point effective action for the NS-NS sector of closed superstring
theory, which is also an infinite α′ series result derived along the same lines of [29]. In the closed
superstring case, the determination of higher α′ corrections is much more involved than the cor-
responding ones in the open superstring case. The first type of α′ corrections found for closed
superstrings consisted in the derivation of the α′
3
R4 terms in the gravitational sector of type II
theories [4, 30]. Subsequently, a similar analysis was done for the heterotic superstring [31, 32, 33].
It has been noted that there are no α′
4
corrections to the (tree level) 4-point effective action in the
case of closed superstrings [34]3. Some higher derivative terms have also been studied in [35, 36].
Our paper is organized as follows. In section 2 we deal with the nonabelian generalization of [29].
We include a brief analysis about the linear supersymmetry of the effective action, which is pos-
sible to be constructed in the abelian case [29], but not in the nonabelian one, if only knowledge
of 4-point amplitudes is to be considered. We have also included α′
3
and partial α′
4
tests of our
action, together with the determination of the O(α′5) terms, as an application. We do not comment
about non linear supersymmetry in this work. In section 3 we apply the ideas of [29] to determine
the effective action for the 4-point functions of the NS-NS sector of closed superstring theory. We
confirm that this tree level action does not contain O(α′4) terms [34], and we also derive some
higher order α′ terms of it. Some final remarks and conclusions are given in section 4.
2In [5] a partial computation of this 5-point amplitude was done.
3We thank R. Bentin for calling our attention to this point.
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2. Nonabelian open superstring 4-point effective action
2.1 Review of the abelian effective action
In [29] a tree level effective action was proposed for the 4-point functions of the abelian open
superstring. In our conventions (see Appendix A) it is given by4
S abel.eff =
∫
d10x
[ {
−1
4
FµνF
µν +
i
2
ψ¯γµ∂µψ
}
− g2α′2
∫ ∫ ∫ ∫ 

4∏
j=1
d10xj δ
(10)(x− xj)


G(∂1 · ∂2 + ∂3 · ∂4 , ∂1 · ∂4 + ∂2 · ∂3 , ∂1 · ∂3 + ∂2 · ∂4)
×{ Fµν(x1)F νρ(x2)Fρσ(x3)F σµ(x4)− 1
4
Fµν(x1)F
µν(x2)Fρσ(x3)F
ρσ(x4)
+ 2i ψ¯(x1)γ
ν∂ρψ(x2)Fνµ(x3)F
µρ(x4)− i ψ¯(x1)γµνρ∂σψ(x2)Fµν(x3)Fρσ(x4)
−1
3
ψ¯(x1)γµ∂νψ(x2)ψ¯(x3)γ
µ∂νψ(x4) }
]
, (2.1)
where the term in brackets, in the first line of (2.1), is the D = 10 Super Maxwell lagrangian and
G(s, t, u) = Γ(−α
′s)Γ(−α′t)
Γ(1− α′s− α′t) +
Γ(−α′t)Γ(−α′u)
Γ(1− α′t− α′u) +
Γ(−α′u)Γ(−α′s)
Γ(1− α′u− α′s) . (2.2)
Note that G(s, t, u) is a symmetric function of s, t and u.
In [29] it was confirmed that
1. The 4-photon scattering amplitude derived from S abel.eff , in (2.1), reproduces the corresponding
tree level amplitude derived in abelian Open Superstring theory:
A(4) = 16 i g2α′2(2π)10δ(10)(k1 + k2 + k3 + k4) G(s, t, u) K4b , (2.3)
where
s = −2k1 · k2, t = −2k1 · k4, u = −2k1 · k3, (2.4)
are the Mandelstam variables and K4b is the 4-boson kinematic factor, given in eq.(B.4) of
Appendix B.1. The Mandelstam variables satisfy the relation
s+ t+ u = 0 . (2.5)
2. The action is supersymmetric at every order in α′.
The main idea considered in [29] for proposing (2.1) as the abelian 4-point effective action was
basically to make the correspondence
kµj → −i
∂
∂xjµ
(j = 1, 2, 3, 4.) , (2.6)
in a symmetrized way, in the momentum dependent factor G(s, t, u) that comes in the scattering
amplitude (2.3), and that then goes in the effective action (2.1). This symmetrized prescription
consists in first writing the Mandelstam variables as
s = −k1 · k2 − k3 · k4, t = −k1 · k4 − k2 · k3 and u = −k1 · k3 − k2 · k4, (2.7)
4We use the notation ∂k · ∂j =
∂
∂x
µ
k
∂
∂xjµ
.
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which are on-shell equivalent to (2.4), and then using the correspondence (2.6) as indicated above.
As a result, G(s, t, u) becomes the differential operator G(∂1 ·∂2+∂3 ·∂4 , ∂1 ·∂4+∂2 ·∂3 , ∂1 ·∂3+∂2 ·∂4)
appearing in (2.1), which is completely symmetric in the space-time coordinates. This simplifies
the proof of the supersymmetry of (2.1), to every order in α′, as was seen in [29]. We will comment
more about the issue of Supersymmetry in subsection 2.3.
2.2 The nonabelian formula
We now present the main result of section 2, which is our nonabelian generalization of the effective
action in (2.1):
S nonabel.eff = SSYM + S
nonabel.
α′corr. , (2.8)
where
SSYM =
∫
d10x tr
{
−1
4
FµνF
µν +
i
2
ψ¯γµDµψ
}
(2.9)
is the D=10 Super Yang-Mills action and
S nonabel.α′corr. = −
1
2
g2α′
2
∫
d10x
∫ ∫ ∫ ∫ 

4∏
j=1
d10xj δ
(10)(x− xj)


× G a1a2a3a4α′corr.
(
D1 ·D2 +D3 ·D4 , D1 ·D4 +D2 ·D3 , D1 ·D3 +D2 ·D4
)
×
[
Fa1µν(x1)F
νρ
a2 (x2)Fa3ρσ(x3)F
σµ
a4 (x4)−
1
4
Fa1µν(x1)F
µν
a2 (x2)Fa3ρσ(x3)F
ρσ
a4 (x4)
+ 2i ψ¯a1(x1)γ
νDρψ(x2)a2Fa3νµ(x3)F
µρ
a4 (x4)− i ψ¯a1(x1)γµνρDσψ(x2)a2Fa3µν(x3)Fa4ρσ(x4)
−1
3
ψ¯a1(x1)γµDνψ(x2)a2 ψ¯a3(x3)γ
µDνψ(x4)a4
]
(2.10)
represents the piece of the effective action that contains the infinite α′ corrections that come from
superstring theory.
The function G a1a2a3a4α′corr. appearing in (2.10) is given by
G a1a2a3a4α′corr. (s, t, u) =
[
{tr(λa1λa2λa3λa4) + tr(λa4λa3λa2λa1)} f(s, t)
+{tr(λa1λa3λa2λa4) + tr(λa4λa2λa3λa1)} f(t, u)
+{tr(λa1λa2λa4λa3) + tr(λa3λa4λa2λa1)} f(u, s)
]
(2.11)
where
f(s, t) =
Γ(−α′s)Γ(−α′t)
Γ(1− α′s− α′t) −
1
α′2st
. (2.12)
In (2.12) we have subtracted the poles to the Gamma factors since this last contribution has been
considered separately in the SYM action in (2.8).
Note that, after substituting the symmetrized Mandelstam variables (2.7), G a1a2a3a4α′corr. (s, t, u) is
symmetric in the pairs (kj , aj).
A convenient way of writing the α′ expansion of G a1a2a3a4α′corr. will be commented in section 2.4, to be
used afterwards in (2.10).
As shown in Appendix B, the action in (2.10) indeed reproduces the 4-particle scattering amplitudes
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(at tree level) of nonabelian Open Superstring theory [17]: 4-boson, 2-boson/2-fermion and 4-
fermion amplitudes5:
A(4) = 8 i g2α′2(2π)10δ10(k1 + k2 + k3 + k4)×
×
[
Γ(−α′s)Γ(−α′t)
Γ(1− α′s− α′t){tr(λ
a1λa2λa3λa4) + tr(λa4λa3λa2λa1)}
+
Γ(−α′t)Γ(−α′u)
Γ(1− α′t− α′u){tr(λ
a1λa3λa2λa4) + tr(λa4λa2λa3λa1)}
+
Γ(−α′u)Γ(−α′s)
Γ(1− α′u− α′s){tr(λ
a1λa2λa4λa3) + tr(λa3λa4λa2λa1)}
]
·K(4) , (2.13)
where K(4) is the kinematic factor associated to the corresponding scattering process.
Two immediate tests of (2.10) are the following:
1. Abelian limit:
Using (2.5) we see that in this limit (2.10) leads directly to (2.1).
2. α′
2
terms:
Using that the momentum dependent factor in (2.12) behaves as f(s, t) = −π2/6 +O(α′), it
can easily be seen that the first superstring correction to the Super Yang-Mills action is given
by
S nonabel.(2) =
π2
2
g2α′
2
∫
d10x str
{
FµνF
νρFρσF
σµ − 1
4
FµνF
µνFρσF
ρσ
+ 2i ψ¯γνDρψFνµF
µρ − i ψ¯γµνρDσψFµνFρσ − 1
3
ψ¯γµDνψψ¯γ
µDνψ
}
,
(2.14)
where “str” means the symmetrized trace[14], calculated as
str(λa1λa2λa3λa4) =
1
6
{
tr(λa1λa2λa3λa4) + tr(λa1λa4λa3λa2) + tr(λa1λa4λa2λa3)
+ tr(λa1λa3λa2λa4) + tr(λa1λa3λa4λa2) + tr(λa1λa2λa4λa3)
}
.(2.15)
The terms in (2.14) match completely with the corresponding ones of [15]6 and are equivalent
to the ones first derived in [26, 27]7.
We end this subsection recalling that, since the action (2.10) is a D=10 Super Yang-Mills extension,
the λa U(N) generators are all in the adjoint representation, (λa)
bc
= −ifabc , and therefore the six
trace terms in (2.11), (2.13) and (2.15) satisfy tr(λaλbλcλd) = tr(λdλcλbλa), reducing its number
to only three.
2.3 Linear Supersymmetry
In the abelian case (2.1) the linear supersymmetry of the effective action was proved at all orders
in α′ by arguing that
5Amplitudes involving an odd number of fermions are trivially null.
6See eq. (4.1) of this reference.
7The authors of [15] checked there that their α′2 quartic terms coincide, up to on-shell terms and total derivatives,
with the ones of [26, 27].
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1. The α′
2
order lagrangian, Label.(2) , is supersymmetric.
2. The higher α′ lagrangians are automatically supersymmetric since they are constructed by
the action of the differential operator G(∂1 · ∂2 + ∂3 · ∂4 , ∂1 · ∂4 + ∂2 · ∂3 , ∂1 · ∂3 + ∂2 · ∂4) on
the nonlocal version of Label.(2) , G being symmetric in the spacetime coordinates.
Now, the difference between our nonabelian action (2.10) with the abelian one (2.1) is basically
the covariantization of the terms. In the nonabelian case some care must be taken with the super-
symmetry since, already at α′
2
order, additional terms should be considered [27]. The complete
Lnon abel.(2) lagrangian is given, in our notation, by [27]
Lnon abel.(2) =
π2
2
g2α′
2
str
{
FµνF
νρFρσF
σµ − 1
4
FµνF
µνFρσF
ρσ
+ 2i ψ¯γνDρψFνµF
µρ − i ψ¯γµνρDσψFµνFρσ − 1
3
ψ¯γµDνψψ¯γ
µDνψ
− 7
60
g Fµνψ¯γµνρψ
{
ψ¯, γρψ
}
+
1
360
g Fµν ψ¯γρστψ
{
ψ¯, γµνρστψ
} }
. (2.16)
The additional terms in the third line of (2.16), which we will abbreviate as F (ψγψ)2, are needed to
form a nonabelian supersymmetric invariant, and they are only sensible to 5 and 6-point amplitudes.
It is tempting to include them nonlocally in our nonabelian action (2.10) in order to have, at
any order in α′, a completely supersymmetric invariant action. We explore this possibility in the
following lines concluding that this would only work at α′2 order.
The linear supersymmetry transformations are given by
δAµ = 2 ǫ¯γµψ, δψ = Fµν(γ
µνǫ) . (2.17)
When analyzing the variation of (2.10) under the supersymmetric transformations (2.17), we may
write this variation as a sum of two contributions:
1. The one that considers the variation of the nonlocal lagrangian (which now includes the
F (ψγψ)2 terms).
2. The one that considers the variation of
G a1a2a3a4α′corr.
(
D1 ·D2 +D3 ·D4 , D1 ·D4 +D2 ·D3 , D1 ·D3 +D2 ·D4
)
.
In the first situation, the piece containing the variation of only four field terms will vanish if we
consider the symmetry of the G a1a2a3a4α′corr. operator, in direct analogy to the analysis done in [29]
for the abelian case. But the piece containing the variation of the F (ψγψ)2 terms and the δAµ
variations from the covariant derivative terms, will also cancel. It is known that their sum cancels
in the local lagrangian case [27], but it is possible to prove that in the nonlocal case they cancel as
well. This can be seen as follows:
The nonlocal variation of the F (ψγψ)2 terms can generically be written as
ǫF1F4ψ2{ψ, ψ}3 (2.18)
and the corresponding generic nonlocal δAµ variation (from the covariant derivative terms) has the
form
ǫF1F2ψ3{ψ, ψ}4 . (2.19)
In (2.18) and (2.19) we use F1, to denote Fa1(x1), etc. and the spacetime indexes have been omitted
since for all kinds of spacetime index contractions the argument will be the same. It is clear that
– 6 –
both terms will combine since we can rename 2→ 4, 3→ 2, 4→ 3 in the second term and then the
resultant combination will vanish, as it happens in the local case.
So, what would only remain to see is that the variation coming from the δG a1a2a3a4α′corr. contribution
vanishes. Only at the lowest order in α′ this is true, since that contribution in G a1a2a3a4α′corr. is only a
constant, having a null variation. As soon as higher α′ contributions are taken into account, this
is no longer valid since these contributions include the Aµ variations that arise from the covariant
derivatives. Then it would be expected that, from α′
3
order on, new terms in the effective action
would be needed to cancel these variations [24].
Our conclusion is that, using 4-point amplitudes it is not possible to construct and effective action
which is has supersymmetric invariants at every order in α′, as was done in the abelian case [29].
2.4 α′ expansion
In this section we review the corresponding one of [16]. The α′ expansion of f(s, t) in (2.12) can be
determined to any desired order in α′ using the Taylor expansion for ln Γ(1 + z) 8,
ln Γ(1 + z) = −γz +
∞∑
k=2
(−1)k ζ(k)
k
zk (−1 < z ≤ 1) , (2.20)
as was remarked in [24]. In (2.20) γ is the Euler-Mascheroni constant and ζ(k) is the Riemann Zeta
function. This leads to:
α′
2
f(s, t) =
1
st
[
exp
{
∞∑
k=2
ζ(k)
k
α′
k
(sk + tk − (s+ t)k)
}
− 1
]
. (2.21)
In [16] it was seen that the first terms of the α′ series of this last expression could be rearranged
as9:
α′
2
f(s, t) = −π
2
6
α′
2
+ ζ(3)u α′
3
+
[
− π
4
180
(s2 + t2 + u2) +
π4
120
st
]
α′
4
+
[
−π
2
6
ζ(3) stu+
1
2
ζ(5)(s2 + t2 + u2)u
]
α′
5
+
[
− π
6
2880
(s2 + t2 + u2)2 +
π6
3024
(s2 + t2 + u2)(st+
u2
2
)
+
(
π6
3024
+
ζ(3)2
2
)
(stu) u
]
α′
6
+O(α′7) , (2.22)
where the relation (2.5) was taken into account.
At every order in α′, the coefficients of the series in (2.22) have been split into two types of terms,
according to their appearance in the expansion of the abelian factor G in (2.2), after including the
expansions of f(t, u) and f(u, s): the first ones, which are symmetric in (s, t, u) are the ones which
will be present in G, while the second ones will cancel, upon using condition (2.5). In the nonabelian
factor G a1a2a3a4α′corr. the first type of terms will contribute as coefficients of str(λa1λa2λa3λa4), while
8See formula (10.44c) of [37], for example.
9The minus signs of the terms containing odd powers of ζ(3) in eq. (2.7) of [16] have been changed.
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the second ones will contribute as coefficients of f -f terms, in the following way:
α′
2 G a1a2a3a4α′corr. (s, t, u) =
{
−π2 str(λa1λa2λa3λa4)
}
α′
2
+
{
−ζ(3) [fa1a2bfa3a4b u+ fa1a3bfa2a4b s] }α′3
+
{
−π
4
24
(s2 + t2 + u2) str(λa1λa2λa3λa4) +
π4
360
[
s(u− t)fa1a2bfa3a4b
+ u(s− t)fa1a3bfa2a4b + t(s− u)fa1a4bfa2a3b
] }
α′
4
+
{
− π2ζ(3) stu str(λa1λa2λa3λa4)
−1
2
ζ(5) (s2 + t2 + u2) (fa1a2bfa3a4b u+ f
a1a3bfa2a4b s)
}
α′
5
+
{
− π
6
480
(s2 + t2 + u2)2 str(λa1λa2λa3λa4)
+
π6
6048
(s2 + t2 + u2)
[
s(u− t)fa1a2bfa3a4b
+u(s− t)fa1a3bfa2a4b + t(s− u)fa1a4bfa2a3b
]
−
(
π6
3024
+
ζ(3)2
2
)
(stu)
[
fa1a2bfa3a4b u+ f
a1a3bfa2a4b s
] }
α′
6
+ O(α′7) . (2.23)
In deriving the f -f terms of this expansion, the (2.5) condition together with the relations (A.13)
and (A.14) were used.
2.5 O(α′3) and O(α′4) tests
The O(α′2) test of formula (2.10) was already considered in subsection 2.2. In the present subsection
we will make connection with higher α′ terms of the effective action which are sensible to 4-point
amplitudes and which are already known in the literature.
Using integration by parts, equations of motion and the Jacobi identity (A.15), we have confirmed
that the O(α′3) terms of our effective action (2.10), obtained using the
α′
2 G a1a2a3a4(1) (s, t, u) = − ζ(3)
[
fa1a2bfa3a4b u+ f
a1a3bfa2a4b s
]
α′
3
(2.24)
part of (2.23), match completely with the corresponding bosonic and fermionic terms of [16].
In the case of the O(α′4) terms we have only considered the symmetrized ones, obtained from the
α′
2 G a1a2a3a4(2) (s, t, u) = −
π4
24
(s2 + t2 + u2) str(λa1λa2λa3λa4) α′
4
(2.25)
part of (2.23). These terms are the ones which survive in the abelian limit. Besides using integration
by parts and equations of motion, we have used the identities of Appendix A and we have arrived
to the conclusion that only for the four fermion terms we have agreement with [16]. Although our
four boson and two boson/two fermion terms disagree with the ones in [16], we have found some
further agreement when comparing them with other existing versions in the literature, as we will
comment in the next lines.
We have checked that the abelian limit of four boson terms agree with the ∂4F 4 ones of [6]. We
also expect our terms to agree with the symmetrized trace ones that would be obtained from [23]10
10The complete O(α′4) terms of [23], which also include the bosonic terms sensible to 5 and 6-point amplitudes,
were recently confirmed in [38].
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since in this reference agreement was also found with [6] in the abelian limit.
In the case of the two boson/two fermion terms, we have checked that, in the abelian limit, they are
equivalent to the corresponding ones in eq. (3.2) of [25], except for a global relative sign between
the γµ and the γµνρ terms.
2.6 Higher order terms in the effective action
As an application of our nonabelian generalization (2.10) we now calculate the nonabelian O(α′5)
terms of the effective action which, as far as we know, have not been calculated before. Instead of
using the symmetrized prescription for the Mandelstam variables (2.7), we now use
s→ 2 D1 ·D2 , t→ 2 D1 ·D4 and u→ 2 D1 ·D3 . (2.26)
The terms of the effective action derived using this prescription will be on-shell equivalent to the
ones in (2.10).
Using (2.26) for the O(α′5) terms of (2.23) in (2.10), we have
S nonabel.(5) = 2 g
2 α′
5
∫
d10x
∫ ∫ ∫ ∫ 

4∏
j=1
d10xj δ
(10)(x− xj)


×
[
2 π2ζ(3) str(λa1λa2λa3λa4) (D1 ·D2)(D1 ·D4)(D1 ·D3)
+ ζ(5)
{
fa1a2bfa3a4b (D1 ·D3) + fa1a3bfa2a4b (D1 ·D2)
}
·
{
(D1 ·D2)2 + (D1 ·D4)2 + (D1 ·D3)2
} ]
×
[
Fa1µν(x1)F
νρ
a2 (x2)Fa3ρσ(x3)F
σµ
a4 (x4)−
1
4
Fa1µν(x1)F
µν
a2 (x2)Fa3ρσ(x3)F
ρσ
a4 (x4)
+ 2i ψ¯a1(x1)γ
νDρψ(x2)a2Fa3νµ(x3)F
µρ
a4 (x4)− i ψ¯a1(x1)γµνρDσψ(x2)a2Fa3µν(x3)Fa4ρσ(x4)
−1
3
ψ¯a1(x1)γµDνψ(x2)a2 ψ¯a3(x3)γ
µDνψ(x4)a4
]
. (2.27)
After performing the delta function integrations this leads to
S nonabel.(5) = 4π
2ζ(3) g2 α′
5
∫
d10x str
[
DλDτDκFµνD
λF νρDτFρσD
κF σµ
−1
4
DλDτDκFµνD
λFµνDτFρσD
κF ρσ + 2i DλDτDκψ¯γ
νDλDρψD
τFνµD
κFµρ
− i DλDτDκψ¯γµνρDλDσψDτFµνDκFρσ
−1
3
DλDτDκψ¯γµD
λDνψD
τ ψ¯γµDκDν
]
+ 2 ζ(5) g2 α′
5 S(5),f-f , (2.28)
where S(5),f-f represents the term with structure constants, written explicitly in Appendix C.
The abelian bosonic terms of (2.28) match completely with the corresponding ones of [29]11. These
terms were compared in [29] with the six-derivative ones of [13], finding agreement, up to field
redefinitions.
A feature that was not present in the previous O(α′k) terms (with k = 2, 3, 4), and that appears
in (2.28) and in all higher order α′ terms, is the fact that, for the same k-th order in α′, besides
ζ(k) multiplying a supersymmetric invariant, other global coefficients are present multiplying other
11Except for a minus sign that we have taken into account in our formula 2.28.
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supersymmetric invariants. These coefficients will contain, as part of them, products of ζ(n), where
n is odd at least once (as, for example, the π2ζ(3) ∼ ζ(2)ζ(3) coefficient in (2.28)). So, it is expected
that the ratio between these different global coefficients is not a fractional number. This fact has
been used in [24, 25, 29], among other things, to study the independent supersymmetric invariants
that arise in the effective action, when considering the Noether method.
It is straight forward to construct the explicit expression of the O(α′6) (or higher order) terms of
the effective action, using the series in (2.23).
3. Closed superstring 4-point effective action
3.1 The general formula
Let us review some basic facts about graviton scattering amplitudes in type II superstrings [39].
The tree level amplitude of four gravitons is given by [17]
A(4)grav. = 16 i κ2e2Φ G(s, t, u) K(4)grav. , (3.1)
where
G(s, t, u) =
1
stu
Γ(1− 14α′s) Γ(1− 14α′t) Γ(1 − 14α′u)
Γ(1 + 14α
′s) Γ(1 + 14α
′s) Γ(1 + 14α
′s)
. (3.2)
In (3.1) κ is the ten-dimensional gravitational coupling constant, s, t, u are the same Mandelstam
variables of (2.4) and the kinematical factor K
(4)
grav., which is of eighth order in momenta, is given
by
K(4)grav. = t
µ1ν1µ2ν2µ3ν3µ4ν4
(8) t
λ1ρ1λ2ρ2λ3ρ3λ4ρ4
(8)
4∏
j=1
ζjµjλjkjνjkjρj . (3.3)
In (3.3), the t(8) tensor is exactly the same one appearing in the four gluon scattering amplitude
(B.4) and ζµν = ζνµ is the graviton polarization tensor.
We will see in the next subsection that the α′ expansion of the Gamma factor in (3.1) contains poles
only in the leading term, in analogy to the corresponding Gamma factor in the open superstring
amplitude (2.13). So, besides the leading contribution to the scattering amplitude, the rest of the α′
terms contribute as 1-particle irreducible diagrams only, being possible to apply the same technique
of [29].
It is very well known, that the first non zero α′ contribution in the effective action arises at order
α′
3
with the characteristic coefficient ζ(3) and R4 type of terms [4]. In particular this means that,
besides the leading D=10 Einstein-Hilbert term, there are no α′R2 nor α′
2
R3 corrections in the
effective action. The α′
3
R4 term in the action which is consistent with the α′
3
terms of (3.1) has
the form [4, 39]
ζ(3) α′
3
29 · 4! κ2
∫
d10x
√−g e−2Φtµ1ν1µ2ν2µ3ν3µ4ν4(8) tλ1ρ1λ2ρ2λ3ρ3λ4ρ4(8) Rµ1ν1λ1ρ1Rµ2ν2λ2ρ2Rµ3ν3λ3ρ3Rµ4ν4λ4ρ4 .
(3.4)
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So, our proposal for the graviton 4-point functions in the effective action is the following:
S grav.eff =
1
2κ2
∫
d10x
√−g R
+
1
24 · 4! κ2
∫
d10x
√−g
∫ 

4∏
j=1
d10xj δ
(10)(x− xj)

 Gˆ(2∇1 · ∇2 , 2∇1 · ∇4 , 2∇1 · ∇3)
e−2Φ tµ1ν1µ2ν2µ3ν3µ4ν4(8) t
λ1ρ1λ2ρ2λ3ρ3λ4ρ4
(8) Rµ1ν1λ1ρ1(x1)Rµ2ν2λ2ρ2(x2)Rµ3ν3λ3ρ3(x3)Rµ4ν4λ4ρ4(x4) .
(3.5)
In (3.5) the Gˆ operator is defined in terms of G by means of
Gˆ(s, t, u) = G(s, t, u)− 1
stu
, (3.6)
in analogy to (2.12). In the next subsection it will become clear that the α′3 terms of (3.5) match
exactly with (3.4). Note that, as there is no need to prove any supersymmetry12, the Gˆ operator
does not need to be evaluated in a symmetrized way, as was done in (2.1) [29]. So, when using the
prescription (2.6), the Mandelstam variables have just been introduced as in (2.4).
In analogy to the open superstring case (2.8), (2.9) and (2.10), in (3.5) we have explicitly separated
the leading contribution, given by the D=10 Einstein-Hilbert term, from the rest of the α′ correction
terms.
Strictly speaking, we would have to verify that the four graviton scattering amplitude derived from
(3.5) is exactly expression (3.1), as was done in [29], and as we did in Appendix B for nonabelian
open superstring . We have omitted this proof since the procedure we would have to follow is
directly the same one.
Now, what remains is to include the rest of the NS-NS fields, namely, the Kalb-Ramond field Bµν
and the dilaton Φ. The amplitude involving these states can be calculated as before just noting that
the dilaton polarization is a scalar and that the corresponding one for the Bµν is an antisymmetric
tensor, ζµν = −ζνµ. In order to derive the effective action for these fields, we would have to
reconsider the scattering amplitude approach for their α′
3
terms, as was done for the graviton.
Fortunately, this has been done time ago [33]. It was shown in [33] that this term is given exactly
by (3.4) by replacing the curvature tensor by the combination
R¯µν
λρ = Rµν
λρ + e−Φ ∇[µHν]λρ − δ[µ[λ∇ν]∇ρ]Φ , (3.7)
where Hµνλ = ∂[µBνλ]. Therefore the effective action for all the massless NS-NS states is given by
(3.8) by changing R by R¯. So our final expression for the effective action NS-NS terms, sensible to
4-point amplitudes, is the following:
S NS−NSeff =
1
2κ2
∫
d10x
√−g
(
R− 1
12
e−ΦHµνλH
µνλ − 1
2
∂µΦ ∂
µΦ
)
+
1
24 · 4! κ2
∫
d10x
√−g
∫ 

4∏
j=1
d10xj δ
(10)(x− xj)

 Gˆ(2∇1 · ∇2 , 2∇1 · ∇4 , 2∇1 · ∇3)
e−2Φ tµ1ν1µ2ν2µ3ν3µ4ν4(8) t
λ1ρ1λ2ρ2λ3ρ3λ4ρ4
(8) R¯µ1ν1λ1ρ1(x1)R¯µ2ν2λ2ρ2(x2)R¯µ3ν3λ3ρ3(x3)R¯µ4ν4λ4ρ4(x4) .
(3.8)
12The complete action is indeed supersymmetric but, at this level, we are just dealing with the NS-NS sector which
is completely bosonic.
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3.2 Higher order terms in the effective action
We will begin writing and explicit α′ series for Gˆ(s, t, u), in analogy to what we did with f(s, t)
in (2.22). For this purpose we first notice that G(s, t, u) in (3.2) contains three factors of the form
Γ(1 − z)/Γ(1 + z), that may be expanded using the Taylor series (2.20), giving
ln
Γ(1− z)
Γ(1 + z)
= 2γz + 2
∞∑
n=1
ζ(2n+ 1)
2n+ 1
z2n+1 (|z| < 1) . (3.9)
Using this result and condition (2.5), we then have that
Gˆ(s, t, u) =
1
stu
[
exp
{
2
∞∑
k=1
(
α′
4
)2k+1
ζ(2k + 1)
2k + 1
(s2k+1 + t2k+1 + u2k+1)
}
− 1
]
. (3.10)
This expression shows that the coefficients of the α′ series of Gˆ(s, t, u) are all given in terms of odd
valued ζ(n). Besides this, it may be proved that (s2k+1 + t2k+1 + u2k+1) is always divisible by stu,
when condition (2.5) is taken into account, so the series in (3.10) has no poles. In fact, writing only
the first terms of the series, we have:
Gˆ(s, t, u) = 2 ζ(3) (
α′
4
)3 + 2 ζ(5) (s2 + st+ t2) (
α′
4
)5 + 2 ζ(3)2 stu (
α′
4
)6
+ 2 ζ(7) (s4 + 2 ts3 + 3 t2s2 + 2 t3s+ t4) (
α′
4
)7
+ 4 ζ(3)ζ(5) stu(s2 + st+ t2) (
α′
4
)8 + O(α′9) . (3.11)
Let us write the first terms of the expansion in gravitational sector only. The first term of the
expansion is of order (α′)3 and it is given by (3.4) multiplied ζ(3). Note that there is no term of
order (α′)4 [34]. So the first new correction is at (α′)5 and it is give by13
ζ(5) α′
5
211 · 4! κ2
∫
d10x
√−g tµ1ν1µ2ν2µ3ν3µ4ν4(8) tλ1ρ1λ2ρ2λ3ρ3λ4ρ4(8)
[2∇σ∇τRµ1ν1λ1ρ1∇σ∇τRµ2ν2λ2ρ2Rµ3ν3λ3ρ3Rµ4ν4λ4ρ4
+∇σ∇τRµ1ν1λ1ρ1∇σRµ2ν2λ2ρ2∇τRµ3ν3λ3ρ3Rµ4ν4λ4ρ4 ]. (3.12)
The next correction is at (α′)6 and it is given by
ζ(3)2 α′
6
212 · 4! κ2
∫
d10x
√−g tµ1ν1µ2ν2µ3ν3µ4ν4(8) tλ1ρ1λ2ρ2λ3ρ3λ4ρ4(8)
[∇σ∇τ∇ωRµ1ν1λ1ρ1∇σRµ2ν2λ2ρ2∇τRµ3ν3λ3ρ3∇ωRµ4ν4λ4ρ4 ]. (3.13)
Finally we write the order (α′)7
ζ(7) α′
7
213 · 4! κ2
∫
d10x
√−g tµ1ν1µ2ν2µ3ν3µ4ν4(8) tλ1ρ1λ2ρ2λ3ρ3λ4ρ4(8)
[2∇σ∇τ∇ω∇κRµ1ν1λ1ρ1∇σ∇τ∇ω∇κRµ2ν2λ2ρ2Rµ3ν3λ3ρ3Rµ4ν4λ4ρ4
+4∇σ∇τ∇ω∇κRµ1ν1λ1ρ1∇σ∇τ∇ωRµ2ν2λ2ρ2∇κRµ3ν3λ3ρ3Rµ4ν4λ4ρ4
+3∇σ∇τ∇κRµ1ν1λ1ρ1∇σ∇τRµ2ν2λ2ρ2∇ω∇κRµ3ν3λ3ρ3Rµ4ν4λ4ρ4 ]. (3.14)
13We consider gravitational excitations only. Therefore, we use the combination (κeΦ) as the gravitational constant
κ in the subsequent formulae.
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It would be interesting to determine the supersymmetric extension of (3.8). In order to do this, it
is necessary to compute scattering amplitudes involving up to 16 fermions. It will be also necessary
to include Ramond-Ramond fields. It is much more convenient to use the constraints imposed by
the corresponding supersymmetry by following [40] (recall there are two possible supersymmetries
for the same NS-NS massless fields, type IIA and type IIB).
The calculation we have done is at tree-level for the string. It is known that the term of the
effective action ζ(3)R4 receives corrections beyond one-loop and even non-perturbative ones [41].
Namely, for both type II superstrings, this term receives corrections at tree and at one-loop level in
string perturbation theory. For the type IIB superstring, this term also receives non-perturbative
corrections. It is also known that the term ζ(5)∇4R4 receives perturbative corrections at tree-level,
as we see in (3.12), and at two-loops and non-perturbative ones for the type IIB superstring [36].
There has been investigations to determine the perturbative and non-perturbative structure of some
higher derivative terms [35]. It would be interesting to investigate if the remaining terms in (3.8)
have similar properties 14.
4. Final remarks and conclusions
We have derived two new results for effective actions in superstring theory. Both of them consist in
explicit expressions for the infinite α′ series and they are based in a recent derivation of the effective
action for the 4-point functions in abelian open superstring theory [29].
Our first result consists in the nonabelian generalization of [29]. We have tested our nonabelian
action (2.10), at α′
3
and α′
4
order, with the corresponding expressions calculated by other methods
[6, 23, 16, 25], which are different to the scattering amplitude approach. In most of the cases we
have found agreement with the previous results.
Our second result consists in the effective action for the 4-point functions in the NS-NS sector of
closed superstring theory. In the context of closed superstring effective actions, we have reproduced
the known results for terms at O(α′3) [4, 33] and explicitly found the tensor structure of some
higher derivative terms discussed in [35, 36]. Our action (3.8) also confirms the non existence of
O(α′4) terms which are sensible to (tree level) 4-point amplitudes [34].
We would like to stress that the only Ansatz needed to compute our on-shell effective actions,
sensible to 4-point amplitudes, at any desired order in α′, is the one done in (2.10) and (3.8). This
should be contrasted with the previous traditional method of going, order by order in α′, proposing
the most general structure of the four field terms, with coefficients to be determined by consistency
with superstring scattering amplitudes (see [14, 16], for example).
We have used our effective actions (2.10) and (3.8) to derive higher order α′ corrections, as an
application. These O(α′k) terms are by no means a complete list, in the sense that other terms
which are sensible to higher n-point scattering amplitudes (n > 4) should also be present at the
same α′
k
order.
As a final remark we would like to comment on the ζ(n) dependence in the α′ series of the Gamma
factors which appear in the 4-point amplitudes (2.13) and (3.1). It was used in [24] that the Taylor
series for ln Γ(1 + z), eq. (2.20), could make manifest the ζ(n) dependence of the Gamma factor
for the open superstring (see eq. (2.21)). It is clear then, except for the zero α′ order and the
low order null coefficients, that the rest of the coefficients of the α′ series are all composed of ζ(n)
factors [24, 29]. The analog result for the closed superstring Gamma factor is given in (3.11) and
it is quite remarkable that in this case only odd valued ζ(n) factors appear as coefficients of the α′
series.
14We thank to Pierre Vanhove for useful comments about these properties.
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A. Conventions and Identities
1. Metric:
ηµν = diag(−,+, . . . ,+). (A.1)
2. Spacetime indexes:
α, β → spinor components
κ, λ, µ, ν, ρ, σ, τ, φ, ω → vector components
3. Spinors and Dirac Matrices:
Through out this paper all spinors are 10-dimensional Majorana-Weyl, with 16 real compo-
nents.
The Dirac γµ matrices satisfy the Clifford algebra
{γµ, γν} = −2ηµν . (A.2)
Antisymmetric products of p γµ matrices, γµ1µ2...µp , are defined with a global factor 1/p!. For
γµνρ we have the following identities:
γµνρ = γµγνγρ + γµηνρ − γνηρµ + γρηµν , (A.3)
γµνρ = γµνγρ + γµηνρ − γνηρµ . (A.4)
A useful identity for Majorana-Weyl spinors:
χ¯1γµ1...µpχ2 = ±(−1)p(p+1)/2χ¯2γµ1...µpχ1 , (A.5)
where the additional plus (minus) sign, before the (−1)p(p+1)/2 factor, is used for anticom-
muting (commuting) spinors.
A Fierz identity:
χ¯1γµχ2χ¯3γµχ4 + χ¯1γµχ3χ¯4γµχ2 + χ¯1γµχ4χ¯2γµχ3 = 0 . (A.6)
In the way in which (A.6) has been written ,it is valid for all Majorana-Weyl spinors χj being
commuting as well as all of them being anticommuting.
4. Gauge group, generators and structure constants:
Gauge fields are matrices in the U(N) internal space, so that Aµ = A
µ
aλ
a, where the hermitian
generators λa are in the adjoint representation
(λa)
bc
= −ifabc (A.7)
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and they satisfy the usual relations
[λa, λb] = i fabc λ
c , tr(λaλb) = δab , (A.8)
for real structure constants fabc.
The field strength and the covariant derivative are defined by
Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ] , (A.9)
Dµφ = ∂µφ− ig[Aµ, φ] , (A.10)
and they are related by the identity
[Dµ, Dν ]φ = −ig [Fµν , φ] . (A.11)
Covariant derivatives of field strengths satisfy the Bianchi identity:
DµF νρ +DρFµν +DνF ρµ = 0 . (A.12)
The following expressions naturally appear in the scattering amplitude (2.13):
T1 = tr(λ
a1λa2λa3λa4) + tr(λa4λa3λa2λa1) ,
T2 = tr(λ
a1λa3λa2λa4) + tr(λa4λa2λa3λa1) ,
T3 = tr(λ
a1λa2λa4λa3) + tr(λa3λa4λa2λa1) . (A.13)
For them
T2 − T1 = −fa1a4bfa2a3b , T3 − T2 = +fa1a3bfa2a4b , T1 − T3 = −fa1a2bfa3a4b . (A.14)
Summing all three relations comes the Jacobi identity:
fa1a4bfa2a3b − fa1a3bfa2a4b + fa1a2bfa3a4b = 0 . (A.15)
5. Identity for the t(8) tensor:
The t(8) tensor
15, characteristic of the 4 boson scattering amplitude, is antisymmetric on each
pair µjνj (j = 1, 2, 3, 4) and is symmetric under any exchange of such of pairs. It allows to
write the identity
P (1, 2, 3, 4) t(8)µ1ν1µ2ν2µ3ν3µ4ν4A
µ1ν1
1 A
µ2ν2
2 A
µ3ν3
3 A
µ4ν4
4 =
P (1, 2, 3, 4)
(
A1µνA
νρ
2 A3ρσA
σµ
4 −
1
4
A1µνA
µν
2 A3ρσA
ρσ
4
)
, (A.16)
for any symmetric operator P (1, 2, 3, 4), that acts on index j of an antisymmetric tensor Aµνj
(j = 1, 2, 3, 4).
B. Derivation of the 4-particle scattering amplitudes from the effective
action
In this Appendix we follow closely the steps done for photons in the corresponding Appendix of [29].
But before going into the details, we comment on the 4-particle scattering processes that we are
15An explicit expression for it may be found in equation (4.A.21) of [17].
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1kζ1 1a, , , ,ζ k a4 4 4
2ζ 2k a2, , 3ζ 3k 3a, , 3ζ 3k 3a, ,
, ,ζ k a4 4 41kζ1 1a, ,
2ζ 2k a2, ,
(a) (b)
Figure 1: Type of tree diagrams which contribute to the 4-boson scattering amplitude in Super Yang-Mills
theory. The diagram in (a) is 1-particle reducible, while the diagram in (b) is 1-particle irreducible.
considering (at tree level). It happens that they always present 1-particle reducible and irreducible
diagrams, as the ones shown in (a), in figure 1. The 1-particle reducible diagrams arise only in the
zero order α′ contribution of the effective theory, that is, in the Super Yang-Mills term (SSYM).
Since the method followed to derive the abelian formula (2.1) is based in the effective action as the
generator of 1-particle irreducible diagrams only, we have excluded the zero order α′ contribution
in (2.12) and (2.10) and treated it separately in the SSYM action of (2.8). So, when deriving the
4-point scattering amplitudes in section B.3 of this Appendix, we will calculate them as
A(4) = A(4)(0) + A
(4)
α′corr. , (B.1)
where the zero order and the α′ contribution, A(4)(0) and A
(4)
α′corr., will be calculated from the SSYM
and S nonabel.α′corr. actions, respectively.
B.1 4-particle scattering amplitudes in SYM
The (on-shell) tree level 4-point amplitudes in Super Yang-Mills theory can be directly obtained
from the α′ → 0 limit of the corresponding amplitudes in Open Superstring theory. They are all
given by the common expression
A(4)(0) = 8 i g2 (2π)10δ(10)(k1 + k2 + k3 + k4) fa1a2a3a4(0) (k1, k2, k3, k4) K(4) , (B.2)
where
fa1a2a3a4(0) (k1, k2, k3, k4) = {tr(λa1λa2λa3λa4) + tr(λa4λa3λa2λa1)} ·
1
st
+{tr(λa1λa3λa2λa4) + tr(λa4λa2λa3λa1)} · 1
tu
+{tr(λa1λa2λa4λa3) + tr(λa3λa4λa2λa1)} · 1
us
, (B.3)
and where K(4) denotes the kinematic factor corresponding to each scattering process:
1. 4 bosons:
K4b = t
µ1ν1µ2ν2µ3ν3µ4ν4
(8) ζ
1
µ1k
1
ν1ζ
2
µ2k
2
ν2ζ
3
µ3k
3
ν3ζ
4
µ4k
4
ν4 , (B.4)
where ζj and kj denote the j-th boson polarization and momentum, respectively.
tµ1ν1µ2ν2µ3ν3µ4ν4(8) is a completely known tensor which satisfies, for example, the identity (A.16).
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2. 2 bosons and 2 fermions:
K2b/2f =
1
8
[
(u¯1ζ/3u2)
{
(k2 − k1) · ζ4 (k3 · k4)− (k2 − k1) · k4 (k3 · ζ4)
}
+ (u¯1k/3u2)
{
(k2 − k1) · k4 (ζ3 · ζ4)− (k2 − k1) · ζ4 (k4 · ζ3)
}
+ (u¯1ζ/4u2)
{
(k2 − k1) · ζ3 (k3 · k4)− (k2 − k1) · k3(k4 · ζ3)
}
+ (u¯1k/4u2)
{
(k2 − k1) · k3 (ζ3 · ζ4)− (k2 − k1) · ζ3 (k3 · ζ4)
}
+ (u¯1γµνρu2)
{
(k2 + k1) · ζ4 kµ3 kν4 ζρ3 − (k2 + k1) · ζ3 kµ3 kν4 ζρ4
+ (k2 + k1) · k4 kµ3 ζν3 ζρ4 − (k2 + k1) · k3 kµ4 ζν3 ζρ4
} ]
, (B.5)
where u1 and u2 denote the fermion wave functions, ζ3 and ζ4 denote the boson polarizations
and kj denotes the j-th particle momentum.
3. 4 fermions:
K4f =
1
24
[
{k1 · k4 + k2 · k3 − k1 · k3 − k2 · k4} u¯1γµu2u¯3γµu4
+ {k1 · k2 + k3 · k4 − k1 · k4 − k2 · k3} u¯1γµu3u¯2γµu4
+ {k1 · k3 + k2 · k4 − k1 · k2 − k3 · k4} u¯1γµu4u¯2γµu3
]
, (B.6)
where uj and kj denote the j-th fermion wave function and momentum, respectively.
All these kinematic factors have alternative expressions when considering the momentum con-
servation and the on-shell conditions. For example, using the γµ matrix relations in (A.2) and
(A.3), relation (A.5) for commuting spinors (with p = 1 and p = 3), the on-shell conditions
k3 ·ζ3 = k4 ·ζ4 = u¯2k/2 = k/1u1 = k/4k/4 = 0, momentum conservation and introducing the Mandelstam
variables (2.4), the kinematic factors in (B.5) and (B.6) may be shortly written as
K2b/2f = −
s
8
[
u¯2ζ/3(k/4 + k/1)ζ/4u1
]
− t
8
[
2 (u¯2ζ/3u1)(k3 · ζ4) + 2 (u¯2k/4u1)(ζ3 · ζ4)− 2 (u¯2ζ/4u1)(k4 · ζ3)
]
(B.7)
and
K4f = −s
8
u¯1γµu4u¯2γ
µu3 +
t
8
u¯1γµu2u¯4γ
µu3 , (B.8)
in agreement with [17], after taking into account the observations of [15] about the global factors
in the 4-point amplitudes16.
The way we have chosen to write the kinematic factors in (B.4), (B.5) and (B.6) is such that the
corresponding boson and/or fermion symmetry is manifest: K4b is completely symmetric under
any particle interchange; K2b/2f is antisymmetric under interchanges of particles 1 and 2 (the
fermions) and is symmetric under interchanges of particles 3 and 4 (the bosons); K4f is completely
antisymmetric under any particle interchange.
16Due to the different conventions in the Mandelstam variables, our formulas (B.7) and (B.8) do not look directly
the same as the ones in formulas (2.6) and (2.4) of [15], but the explicit dependence of the kinematic factors in terms
of the momenta kj is the same.
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B.2 The 4-point effective action
In this Appendix we deal only with the α′ correction terms of the effective action, that is, S nonabel.α′corr. .
We begin writing it as the sum of two contributions:
S nonabel.α′corr. [A,ψ] = S
(4)
α′corr.[A,ψ] + S
(n>4)
α′corr.[A,ψ] , (B.9)
where S
(4)
α′corr.[A,ψ] contains only the quartic field terms and S
(n>4)
α′corr.[A,ψ] contains the higher field
terms (which are not present in the abelian theory).
The quartic field terms action in (B.9) may be written as
S
(4)
α′corr.[A,ψ] =
∫ ∫ ∫ ∫ 

4∏
j=1
d10xj


[
1
4!
Γ(4)a1a2a3a4µ1µ2µ3µ4 (x1, x2, x3, x4) A
µ1
a1 (x1)A
µ2
a2 (x2)A
µ3
a3 (x3)A
µ4
a4 (x4)
+
1
2! · 2!Γ
(4)a1a2a3a4
α1α2µ3µ4 (x1, x2, x3, x4) ψ
α1
a1 (x1)ψ
α2
a2 (x2)A
µ3
a3 (x3)A
µ4
a4 (x4)
+
1
4!
Γ(4)a1a2a3a4α1α2α3α4 (x1, x2, x3, x4) ψ
α1
a1 (x1)ψ
α2
a2 (x2)ψ
α3
a3 (x3)ψ
α4
a4 (x4)
]
(B.10)
where
Γ(4)a1a2a3a4µ1µ2µ3µ4 (x1, x2, x3, x4) =
δ4S nonabel.α′corr. [A,ψ]
δAµ1a1 (x1)δA
µ2
a2 (x2)δA
µ3
a3 (x3)δA
µ4
a4 (x4)
∣∣∣∣
Aµa=0, ψαa=0
,
Γ(4)a1a2a3a4α1α2µ3µ4 (x1, x2, x3, x4) =
δ4S nonabel.α′corr. [A,ψ]
δψα1a1 (x1)δψ
α2
a2 (x2)δA
µ3
a3 (x3)δA
µ4
a4 (x4)
∣∣∣∣
Aµa=0, ψαa=0
,
Γ(4)a1a2a3a4α1α2α3α4 (x1, x2, x3, x4) =
δ4S nonabel.α′corr. [A,ψ]
δψα1a1 (x1)δψ
α2
a2 (x2)δψ
α3
a3 (x3)δψ
α4
a4 (x4)
∣∣∣∣
Aµa=0, ψαa=0
. (B.11)
The relations in (B.11) assume that the fermionic functional derivatives are being taken from the
right hand-side at any moment.
Using the explicit expression of S nonabel.α′corr. [A,ψ] in (2.10), and the identity (A.16) for the t(8) tensor,
we obtain17:
Γ(4)a1a2a3a4µ1µ2µ3µ4 (x1, x2, x3, x4) =
− 8 g2 α′2
∫
d10x t(8)µ1ν1µ2ν2µ3ν3µ4ν4
G a1a2a3a4α′corr. (∂1 · ∂2 + ∂3 · ∂4 , ∂1 · ∂4 + ∂2 · ∂3 , ∂1 · ∂3 + ∂2 · ∂4)
∂ν11 δ
(10)(x− x1)∂ν22 δ(10)(x− x2)∂ν33 δ(10)(x− x3)∂ν44 δ(10)(x− x4) ,
(B.12)
Γ(4)a1a2a3a4α1α2µ3µ4 (x1, x2, x3, x4) =
i g2 α′
2
∫
d10x G a1a2a3a4α′corr. (∂1 · ∂2 + ∂3 · ∂4 , ∂1 · ∂4 + ∂2 · ∂3 , ∂1 · ∂3 + ∂2 · ∂4)[
−
{
(γ0γµ3)α1α2 ∂
2
µ4 ∂
3
ν ∂
ν
4 + (γ
0γµ3)α1α2 ∂
2
ν ∂
3
µ4 ∂
ν
4
+ (γ0γν)α1α2 ηµ3µ4 ∂
2
ρ ∂
3
ν ∂
ρ
4 + (γ
0γν)α1α2 ∂
2
µ4 ∂
3
ν ∂
4
µ3
}
+
{
(γ0γσµ3ρ)α1α2 ∂
2
µ4 ∂
σ
3 ∂
ρ
4 − (γ0γσµ3µ4)α1α2 ∂ρ2 ∂σ3 ∂4ρ
}
+
(
18 terms obtained by antisymmetrizing on indexes (1,2) and
symmetrizing on indexes (3,4) the two previous curly brackets
) ]
δ(10)(x − x1)δ(10)(x− x2)δ(10)(x− x3)δ(10)(x− x4) ,
(B.13)
17In all these formulas we use the notation ∂νj = ∂/∂x
j
ν .
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Γ(4)a1a2a3a4α1α2α3α4 (x1, x2, x3, x4) =
1
6
g2 α′
2
∫
d10x G a1a2a3a4α′corr. (∂1 · ∂2 + ∂3 · ∂4 , ∂1 · ∂4 + ∂2 · ∂3 , ∂1 · ∂3 + ∂2 · ∂4)[
(γ0γµ)α1α2(γ
0γµ)α3α4 ∂
ν
2∂
4
ν
+
(
23 terms obtained by antisymmetrizing on indexes (1,2,3,4)
) ]
δ(10)(x − x1)δ(10)(x− x2)δ(10)(x − x3)δ(10)(x− x4) ,
(B.14)
where G a1a2a3a4α′corr. (s, t, u) is given in (2.11).
By definition (see (B.11)), all 4-point functions have the appropriate boson and/or fermion symme-
try, as was commented in the previous subsection in the case of the kinematic factors. This boson
and/or fermion symmetry can be checked directly in the expressions (B.12), (B.13) and (B.14).
B.3 The scattering amplitudes
¿From the previous 4-point functions, the corresponding 4-point scattering amplitudes are calcu-
lated, in our conventions, as
A(4)α′corr. = −i (2π)10δ(10)(k1 + k2 + k3 + k4) φp11 φp22 φp33 φp44 Γ(4)a1a2a3a4p1p2p3p4 (k1, k2, k3, k4) , (B.15)
where
(2π)10δ(10)(k1 + k2 + k3 + k4) Γ
(4)a1a2a3a4
p1p2p3p4 (k1, k2, k3, k4) =∫ ∫ ∫ ∫ 

4∏
j=1
d10xj e
ikj ·xj

Γ(4)a1a2a3a4p1p2p3p4 (x1, x2, x3, x4) . (B.16)
In (B.15), pj and φ
pj
j denote, respectively, the j-th vector (spinor) index and the j-th boson polar-
ization vector (fermion wave function), according to the specific scattering process.
Upon substituting (B.12), (B.13) and (B.14) in (B.16) and then in (B.15), all three cases can be
summarized as
A(4)α′corr. = 8 i g2 α′2(2π)10δ(10)(k1 + k2 + k3 + k4) G a1a2a3a4α′corr. (s, t, u) K(4) , (B.17)
where, for each scattering process, K(4) is exactly the same kinematic factor given in (B.4), (B.5)
and (B.6).
So, substituting (B.2) and (B.17) in (B.1) we finally see that our nonabelian 4-point effective action
in (2.8), (2.9) and (2.10), reproduces the known 4-particle scattering amplitudes of Open Superstring
theory:
A(4) = 8 i g2α′2(2π)10δ(10)(k1 + k2 + k3 + k4)×
×
[
Γ(−α′s)Γ(−α′t)
Γ(1− α′s− α′t){tr(λ
a1λa2λa3λa4) + tr(λa4λa3λa2λa1)}
+
Γ(−α′t)Γ(−α′u)
Γ(1− α′t− α′u){tr(λ
a1λa3λa2λa4) + tr(λa4λa2λa3λa1)}
+
Γ(−α′u)Γ(−α′s)
Γ(1− α′u− α′s){tr(λ
a1λa2λa4λa3) + tr(λa3λa4λa2λa1)}
]
·K(4) . (B.18)
– 19 –
C. f-f part of the O(α′5) action
The S(5),f-f action in (2.28) is given by
S(5),f-f =∫
d10x fa1a2bfa3a4b
{ [
DκDτDλFa1µνD
κDτF νρa2 D
λFa3ρσF
σµ
a4
− 1
4
DκDτDλFa1µνD
κDτFµνa2 D
λFa3ρσF
ρσ
a4 + 2i DκDτDλψ¯a1γ
νDκDτDρψa2D
λFa3νµF
µρ
a4
− i DκDτDλψ¯a1γµνρDκDτDσψa2DλFa3µνFa4ρσ
−1
3
DκDτDλψ¯a1γµD
κDτDνψa2D
λψ¯a3γ
µDνψa4
]
+
[
DκDτDλFµν a1F
νρ
a2D
λFa3ρσD
κDτF σµa4
− 1
4
DκDτDλFa1µνF
µν
a2 D
λFa3ρσD
κDτF ρσa4 + 2i DκDτDλψ¯a1γ
νDρψa2D
λFa3νµD
κDτFµρa4
− i DκDτDλψ¯a1γµνρDσψa2DλFa3µνDκDτFa4ρσ
−1
3
DκDτDλψ¯a1γµDνψa2D
λψ¯a3γ
µDκDτDνψa4
]
+
[
DκDτDλFa1µνF
νρ
a2 D
κDτDλFa3ρσF
σµ
a4
− 1
4
DκDτDλFa1µνF
µν
a2 D
κDτDλFa3ρσF
ρσ
a4 + 2i DκDτDλψ¯a1γ
νDρψa2D
κDτDλFa3νµF
µρ
a4
− i DκDτDλψ¯a1γµνρDσψa2DκDτDλFa3µνFa4ρσ
−1
3
DκDτDλψ¯a1γµDνψa2D
κDτDλψ¯a3γ
µDνψa4
]
+
∫
d10x fa1a3bfa2a4b
{ [
DκDτDλFa1µνD
κDτDλF νρa2 Fa3ρσF
σµ
a4
− 1
4
DκDτDλFa1µνD
κDτDλFµνa2 Fa3ρσF
ρσ
a4 + 2i DκDτDλψ¯a1γ
νDκDτDλDρψa2Fa3νµF
µρ
a4
− i DκDτDλψ¯a1γµνρDκDτDλDσψa2Fa3µνFa4ρσ
−1
3
DκDτDλψ¯a1γµD
κDτDλDνψa2ψ¯a3γ
µDνψa4
]
+
[
DκDτDλFa1µνD
λF νρa2 Fa3ρσD
κDτF σµa4
− 1
4
DκDτDλFa1µνD
λFµνa2 Fa3ρσD
κDτF ρσa4 + 2i DκDτDλψ¯a1γ
νDλDρψa2Fa3νµD
κDτFµρa4
− i DκDτDλψ¯a1γµνρDλDσψa2Fa3µνDκDτFa4ρσ
−1
3
DκDτDλψ¯a1γµD
λDνψa2 ψ¯a3γ
µDκDτDνψa4
]
+
[
DκDτDλFa1µνD
λF νρa2 D
κDτFa3ρσF
σµ
a4
− 1
4
DκDτDλFa1µνD
λFµνa2 D
κDτFa3ρσF
ρσ
a4 + 2i DκDτDλψ¯a1γ
νDλDρψa2D
κDτFa3νµF
µρ
a4
− i DκDτDλψ¯a1γµνρDλDσψa2DκDτFa3µνFa4ρσ
−1
3
DκDτDλψ¯a1γµD
λDνψa2D
κDτ ψ¯a3γ
µDνψa4
] }
(C.1)
We have directly used eq. (2.27) to derive this expression, without looking for any simplification
when using integration by parts, equations of motion or the identities in Appendix A. So it may
– 20 –
well happen that the number of terms in this action reduces if these last considerations are taken
into account.
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